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Abstract 
Numerical predictions of the wind energy distribution over terrains are essential for the appropriate 
selection of a suitable site for a wind power plant. This paper presents three-dimension numerical 
simulations of turbulence flow over sinusoidal hills. AMG in HYPRE (High Performance Preconditioner 
Library) is introduced in this work and applied on solving the FVM-based discrete systems of the 
governing equations for turbulent flow. The three-dimensional non-orthogonal collocated grid systems 
are generated and the AMG-based algorithm is established. Turbulence is modelled with the standard 
k H  model and flow parameters , , , ', ,u v w p k H  of Governing equations are solving by AMG method. The 
numerical results were obtained from the simulations of flow over three types of three-dimensional 
sinusoidal hills. Comparisons have been made by virtue of experimental data with the computational data. 
The numerical results agree with the experimental results, the numerical methods are effective.  
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Kunming 
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1. Introduction 
Sinusoidal hill flow is an interesting phenomenon. The overall knowledge of the wind flow around 
sinusoidal hills is of great interest in many engineering applications, particularly when dealing with wind 
load and power mapping. In previous papers the authors presented numerical methods for the turbulent 
flow around the two dimensional sinusoidal hills [1-6]. These methods are generalized in the present 
work to the turbulent flow around the three dimensional sinusoidal hills. 
Algebraic multigrid method (AMG) is one of the very effective methods for solving the problems 
appeared in many large-scale scientific computing projects, especially for solving discrete systems of the 
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partial differential equations. AMG in HYPRE (High Performance Preconditioner Library, a software 
library of high performance preconditioners and solvers for the solution of large, sparse linear systems of 
equations on massively parallel computers) is introduced in this work and applied on solving the FVM-
based discrete systems of the governing equations for turbulent flow. The three-dimensional non-
orthogonal collocated grid systems are generated and the AMG-based algorithm is established. 
Comparisons are made with available experiment results. 
2. Model equations 
The model equations comprise the mass (1) and momentum (2) balance equations for an incompressible 
Newtonian fluid: 
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For the present study, a standard  k H  model is applied. 
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where                  is the eddy viscosity, k is the turbulent kinetic energy, G  is the production of kinetic 
energy. The model constants are  
1 2[ , , , , ] [0.09,1.44,1.92,1.0,1.3]kC C C C CP H  . 
 Equations(1)(2)(3)(4) have the same general integral form, which can be written as[7]: 
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Where I  denotes the dependent variables , , ,u w k and HV . I*  and SI  are ,respectively the corresponding 
turbulent diffusion coefficient and source term for general variable I . 
3.  Numerical method 
3.1. Domain Discretization 
The present numerical formulation is based on finite volume 
method. Meshes made of non-regular hexahedra (see Fig. 1) are 
allowed for the space discretization in the present study. The each 
hexahedra has exactly six neighbours, do not overlap and leave no 
empty space in between. A collocated arrangement of variables 
( , , , , ,u v w p k H ) is used so interpolation and gradient approximation 
are the same for all fields.                                                                                                     Fig. 1  A typical volume element  
 We consider only the integral form(5) of the generic conservation equation for a quantity I . To 
obtain an algebraic equation for a particular CV, the surface and volume integrals need be approximated 
using quadrature formulae, which depended on the approximations used. The relevant process of domain 
discretization was described in paper[8]. 
3.2.  SIMPLE algorithm based on non-orthogonal hexahedron grids 
The Navier-Stokes equations for incompressible flow are discretized using finite volume method 
with collocated grid arrangement. These equations will depend on the pressure distribution, which must 
be solved together with the velocities. Since there is no equation for the pressure for incompressible flow, 
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some kind of pressure-velocity coupling is needed.  
A 3D non-orthogonal hexahedron grid and the collocated version of  SIMPLE method for pressure 
velocity coupling are used in this work. The collocated version of  SIMPLE method for pressure velocity 
coupling can be seen in literatures [8] [9]. 
3.3.  Storage scheme  of sparse matrices and  application of AMG 
method in HYPRE  
According to the SIMPLE algorithm, model equations typically 
lead to large and sparse band matrices. Fig.2 shows the structure of 
linear system associated with the finite volume method and non-
orthogonal hexahedron grid.                                                                     Fig. 2  Structure of linear system u uA u = Q                      
In order to take advantage of the large number of zero elements and solve conveniently by AMG 
solver, special schemes are required to store sparse matrices. The main goal is to represent only the 
nonzero elements and to be able to perform the common matrix operations.  
The storage scheme for sparse matrices is the so-called compressed sparse row (CSR) format. The 
data structure consists of three arrays: 
(1) A real array a contains the real values ija stored row by row, from row 1 to n. The length of a is Nz, 
the number of nonzero elements. 
(2) An integer array ja contains the column indices of the elements ija . The length of ja is Nz. 
(3) An integer array ia contains the pointers to the beginning of each row in the arrays a and ja. Thus, 
the content of ia(i) is the position in arrays a and ja where the ith row starts. The length of ia is n+ 
1ˈthe array ia can be described as: (1) 1, ( ) ( 1) ( ), 2,3, , 1ia ia l ia l nnz l l n      . 
where, ( )nnz l is the number of nonzero elements in row l . This format is probably the most popular for 
storing general sparse matrices.  
For three-dimensional problems the bandwidth increase very fast, and the general solvers in three-
dimensional cases are no longer as attractive as in two-dimensional case, so AMG method in HYPRE has 
been used in our three-dimensional computations. Fig.3 shows the iteration scheme for linear equations 
systems at one time step by AMG solver. The number of iterations required at each time step is set 10. 
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 Fig. 3  Iteration scheme for one time step by AMG solver                        Fig. 4  Definition of  the sinusoidal hill (2D) 
4.  Numerical simlations: Flow around  3D sinusoidal hills 
4.1. Geometry and flow conditions 
The turbulent flow around 3D sinusoidal hills are used as test cases. This flow is characterized by 
separation and recirculation and adverse pressure gradient. The feature of geometry is based on the wind 
tunnel investigation of Ferreira et.al[5]. The geometry definition of 2D sinusoidal hill is shown in Fig.4. 
The Reynolds number used is based on the height and the inlet velocity. 
According to the experiments, the inflow velocity is approximately given by a power with exponent 
0.24[5, 10], it is described as following: 
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For the reason of the outlet boundary located far from the 3D sinusoidal hill, the turbulent flow is 
considered as full development flow, the gradients of the velocity u, v and w are set as zeros( / 0nIw w  ) 
and the inflow and outflow velocity are forced to satisfy mass conservation. The symmetry boundaries are 
set at other boundary.  
4.2. The computational grid systems 
The grid points are allocated non-uniformly in the computational domain, with fine concentration 
near-wall regions where large gradients of scalars are expected. The 3D non-orthogonal hexahedron grids 
are generated by the way of extruding the 2D non-orthogonal grid in the direction z. The computational 
grid systems of the flow field are shown in Fig.6. 
Tab.1   The height and length of geometry model:  sinusoidal hills
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(a) case C1                                                      (b) case C2                                                      (c) case C3  
Fig. 5   Schematics of the computational grid system: non-orthogonal hexahedron grid 
4.3. Results and comparisons 
There are three types of geometry of the sinusoidal hills that are used for this study. Our interest in 
this section is to provide some pictures for three kinds of flow. For illustration purpose, we plot flow lines 
(or instantaneous streamlines) in the visualization of the flow was obtained for a Reynolds number of 
5Re 1.6 10 u 
It can be observed from the Fig.6 that the size of the recirculating region is strongly dependent on the 
hill shape, with quite evident growth of the recirculation bubble size from case c2 to case c3.  Fig.7 depict 
vertical profiles of horizontal velocity U in slice z/H=5. The striking features of the horizontal velocity 
(see Fig. 7) are the increase near the surface on top of the hill, the slight deceleration at the upwind hill 
foot, and the flow separation behind the hill.  
  
(a)  case C1                                                      (b)  case C2                                                      (c)  case C3  
Fig.6 Topological flow structure of three kinds of flow over sinusoidal hills in slice z/H=5 ( 5Re 1.6 10 u ) 
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(a)  case C1                                                      (b)  case C2                                                      (c)  case C3  
Fig.7   vertical profiles of horizontal velocity U in slice z/H=5 ( 5Re 1.6 10 u ) 
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Experimental results are given by Ferreira et al[5]. Fig.8 
illustrates the predicted ( 5Re 1.6 10 u  FDVH &) and measured 
pressure coefficient (
pwC  
2
02( ) / refp p uU ), where 0p is the reference 
pressure and refu  is the mean inflow velocity. Although the overall 
agreement is reasonable, the predictions are seen to differ more 
substantially behind the sinusoidal hill. This may be the causes that 
the conditions and 3D geometry model of the experiment are not 
exactly same as the ones of numerical simulations.                                  Fig.8 Comparison of pressure coefficient 
        along the surface of the sinusoidal hill (C2) 
5.  Conclusions 
A three-dimensional numerical method has been presented and applied to predict turbulent flow 
around a sinusoidal hill. Also, an AMG solver in HYPRE package was incorporated and adapted to work 
under the 3D non-orthogonal collocated grid framework. The validity of the numerical method developed 
in the present work has been assessed by comparing the predictions with the experiment data.  
The present work describes the numerical study of the turbulent flow around three-dimensional 
sinusoidal hills. The results indicate that the extension of the recirculating region is strongly dependent on 
the hill shape. The computed pressure coefficient deviates from the measurements around downstream of 
hill, but the overall agreement is reasonable.  
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